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ABSTRACT 

Developing the Free Electron Laser (FEL) as a weapon 

is of high interest to the United States Navy.  This thesis 

aims to gain insight, through simulation of generic 

configurations of an oscillator and amplifier FEL, into the 

performance of an FEL and the effects of electron beam 

misalignments.  It then compares simulation results to an 

existing experiment, and explores similarities and 

differences.  

Additionally, a new cathode test cell is designed. 

Electrostatic cathode test cell designs are proposed and a 

recommendation for future design and construction is made.  
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I. INTRODUCTION 

Using the Free Electron Laser (FEL) as a weapon system 

has been in the research phase for several decades.  

Recently, however, the United States Navy has become more 

committed to a weapon design phase, as indicated by a 

letter to the Strategic Studies Board [1] ordering the 

study into the viability of using directed energy weapons.  

Also, Office of Naval Research (ONR) is beginning the FEL 

Innovative Navy Prototype (INP), starting in 2010. These 

steps have given direction and committed resources to the 

development of the FEL as a viable weapon system.  This 

highlights the importance of further research and 

understanding into the physics of the FEL operation and 

limitations.  This thesis uses simulations to evaluate this 

FEL performance and introduces a design for an 

electrostatic cathode test cell for use at the Naval 

Postgraduate School (NPS).  This test cell will be used for 

further research opportunities into the cathode operation 

and selection in future FEL configurations.   

Chapter II reviews the major components of the FEL 

system.  First, it explores the generation of the electron 

beam in the injector and its subsequent increase in energy 

through the superconducting accelerator.  Once 

relativistic, the electron beam enters the undulator in 

order to generate coherent light.  The FEL is presented in 

two layouts: (1) In the oscillator design, the light passes 

many times between the two mirrors, allowing for energy 

exchange and growth of the optical field, and (2) the 

amplifier layout, using a longer undulator that creates a 
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high power from a seed laser in one pass through the 

undulator.  Finally, the principle of recirculation of the 

electron beam is introduced, allowing for a more efficient 

machine, and the means by which the electrons are disposed 

of at lower energy. 

Chapter III reviews the FEL characteristics.  A key 

feature of the FEL is that it can be designed to operate 

over a wide range of wavelengths in the electromagnetic 

spectrum and can be tuned for a given design to optimize 

the operating wavelength.   

Chapter IV reviews the basic theory of the FEL, 

emphasizing how the FEL is able to generate and then 

amplify light.  The electron photon race demonstrates that 

at resonance the optimum energy exchange between electron 

and the optical field occurs.  The pendulum and wave 

equation derivation then describes how energy is exchanged 

between the electrons and the optical field.   

New research is then presented in Chapter V through 

Chapter VII.  First, a generic oscillator is simulated with 

various misalignments in the electron beam.  Its 

performance is analyzed and then compared to a generic 

amplifier in Chapter VI.  Both are similar in parameters in 

order to compare the sensitivity to similar misalignments 

in two different undulator configurations.  Chapter V also 

uses the same comparison philosophy on an existing 

experiment, notes the differences, and explores possible 

sources of this difference.   

In Chapter VII, a design is proposed for the first 

electrostatic cathode test cell at NPS.  When built, the 

test cell will allow NPS to explore a new area of research. 
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This design would open the door for collaboration on 

potential cathode designs that will eventually be used in 

the Navy’s FEL weapon.  Additional analysis is presented 

explaining field emission from a cold metal and space 

charge limited current in the proposed cathode.  Multiple 

geometries are explored using an electrostatic field 

modeling code and then a final recommendation is made for 

future students.   
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II. FEL COMPONENTS 

Two configurations of the free-electron laser (FEL) 

are the oscillator and amplifier.  Many components are 

common to both designs, as seen in Figure 1.  In an 

oscillator configuration, radiation energy is stored in the 

optical cavity.  In the amplifier configuration there is no 

optical cavity and the amplification of light must occur in 

one pass.  A seed laser beam introduced at the beginning of 

the undulator is amplified in a single pass, as shown in 

Figure 1.  The following discusses the purpose and general 

properties of the FEL system components.  The discussion 

depicts the energy recovery linear accelerator (ERL) with a 

superconducting accelerator, but it should be mentioned 

that not all FELs are ERLs or include the super-conducting 

accelerators.  

 

Figure 1.   This schematic depicts the core components 
of an FEL.  Two options shown, run as an amplifier or an 
oscillator.  In blue are the optical pulses and in red are 
the electrons.  This system includes a) separate beam paths 

for running as an oscillator or amplifier; b) a 
superconducting accelerator and its associated 

refrigeration plant; and c) energy recovery (beam 
recirculation). [From 2]. 
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A. INJECTOR 

The first step in the process is the liberation of an 

electron bunch from a cathode.  Two examples of how this is 

accomplished are thermionic emission and photoemission.  In 

thermionic emission, the cathode is heated in order to 

“boil” off electrons.  Photoemission, on the other hand, 

occurs when photons from a drive laser strike the surface 

of the cathode to release electrons from its surface.  

Because we want a well-collimated beam with a small energy 

spread, beam quality is a major concern, it is important 

that the cathode design and the method of ejection of 

electrons be precise.  Poor quality will propagate 

irretrievably through the laser system and will degrade the 

laser interaction.  To achieve high quality, a high voltage 

in the injector accelerates the electrons away from the 

cathode up to relativistic speeds before the effects of 

space charge cause the beam to spread.  

B. ACCELERATOR 

Once the electrons, with energy of approximately 5-10 

MeV, have arrived at the accelerator in bunches, it is 

necessary to increase their energy by roughly one order of 

magnitude.  An efficient method to do this is with a 

superconducting radio frequency (SRF) accelerator, as shown 

in Figure 2.   
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Figure 2.   Superconducting accelerator cavity used to 
increase the energy of the electrons from the injector to 
levels needed for the FEL interaction in the undulator.  

The cavities are ellipsoidal in shape, and there are ports 
to inject the radio frequency fields.  The electron travels 

through the center of the cavity space.  

A klystron supplies RF energy at the frequency of the 

electron pulses and generates alternating fields in a 

series of cavities that the electrons pass through.  By 

design, the electron pulses enter the cavity in phase with 

the field, take energy from the field, and are accelerated 

to approximately 100 MeV.  Since the electrons are 

traveling in pulses, the leading edge may reach a given 

cavity off the optimum phase so that it will accelerate to 

a different value from the center of the pulse.  

Conversely, the trailing edge, where the electrons are 

traveling slightly slower, may be given an extra boost in 

energy.  The result of this is further compacting of the 

pulse.     
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C. UNDULATOR 

 

Figure 3.   Undulator, a schematic representation.  In 
red is the electron beam undergoing transverse 

oscillations.  The undulator magnets have alternating north 
and south poles.  The stimulated emission in yellow 

propagates on axis in a forward direction in reference to 
the electron motion.  [From 3].  

The relativistic beam of bunched electrons then 

travels through the undulator, as seen in Figure 3.  The 

pulse of electrons travel through the periodic magnetic 

fields of alternating dipole magnets.  In the presence of 

these periodic fields, the electrons accelerate by the 

Lorentz force in the transverse direction in a sinusoidal 

“wiggling” path.  As the electrons “wiggle,” they emit 

photons; the strength and spacing of the magnets and the 

energy of the electrons determining the wavelength.  The 

relativistic speed of the electrons ensures that light is 

emitted in a narrow forward beam propagating along the axis 

of the optical cavity.  In a free electron oscillator, the 

light pulse is reflected back through the cavity to meet 

the next incoming bunch.  Stimulated emission is the 

mechanism by which a small fraction (~few percent) of the 

energy of the electron beam transfers to the optical beam.   
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D. OSCILLATOR DESIGN 

The first design we consider for weapons application 

is the oscillator, shown in Figure 4.  The undulator is 

contained in the resonator cavity, with a fully reflective 

mirror at one end and a partially transmissive mirror at 

the other.  The initial source of light for the optical 

field is spontaneous emission.  Over many reflected passes 

of light, interaction with the radiating electron beam 

results in amplification (stimulated emission) of coherent 

light.  Because energy must be stored in the optical 

cavity, a near-concentric (short Raleigh length) cavity may 

be used.  The curvature and spacing of the mirrors 

determines the Raleigh length, which causes the radius of 

the optical mode to vary from roughly 3 cm at the mirrors 

to 0.1 mm at the center of the undulator.  This allows for 

good interaction between the electron beam and optical mode 

through the undulator and keeps the intensity at the 

mirrors to a relatively low level without having to 

separate them by unreasonably large distances.  The spacing 

of the mirrors is such that as each pulse of light reflects 

between mirrors as it enters the undulator in proper phase 

with the electron pulse.   

 

Figure 4.   Generic Oscillator schematic.  The 
interaction of the electron pulses (red) with the optical 
field (blue).  The electron beam pulses enter the (green) 
undulator in phase with the optical laser pulses; transfer 
energy to the optical pulse, then exits the optical cavity.  

The partially transmitting mirror on the right allows a 
fraction of the stored energy to exit the cavity. 
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E. AMPLIFIER DESIGN 

The basic layout of the amplifier design is shown in 

Figure 5.  The source of initial optical pulse in an 

amplifier design is a seed laser, rather than spontaneous 

emission in an oscillator.  The seed laser emits pulses of 

light along the optic axis in sync with the incoming 

electrons.  The light only gets one pass to reach a large 

saturated power, as opposed to many passes in the case of 

the oscillator.  The short Raleigh length proposed for the 

oscillator does not apply.  As a result, the light pulse 

must travel much further before it strikes the first 

optical element in order for the intensity to decrease to 

levels that will not damage the mirror.   

In order to improve extraction in a long wiggler, it 

is necessary to include a taper in the magnetic field 

strength.  The taper allows extraction to continue after a 

point at which saturation would occur without the taper.  

Increasing the transverse gap between the magnets, thereby 

slightly reducing their on-axis field is a typical method 

for accomplishing the taper. 

 

Figure 5.   Generic amplifier schematic.  In red is the 
electron beam that has been steered into the undulator.  In 
green is the undulator where the interaction between the 
electron beam and the optical field takes place.  The 
undulator magnetic field is in black and in blue is the 
optical field.  The seed laser on the left also in black.  
The mirror on the right is representative of the first step 

of the beam transport path.  



 11

F. BEAM RECIRCULATION AND DISPOSAL 

Extracting energy from the electron beam for optical 

field growth will only decrease its energy by a few 

percent.  This leaves a very high-energy electron beam that 

must be disposed of.  In many applications, it is common to 

proceed straight to a beam dump, which consists of an 

absorbing metal target that will dissipate the energy in 

the form of heat.  This heat is then removed by external 

cooling such as water.  For shipboard applications, 

however, the Bremsstrahlung radiation created by these high 

energies would provide hazard that would require great 

amounts of shielding, conflicting with space constraints 

and adding unwanted weight.  To solve this problem, magnets 

direct the beam to pass through the accelerator again but 

this time out of phase with the RF field that accelerated 

it originally.  The beam thereby gives up a substantial 

amount of its energy to the accelerator fields and enters 

the beam dump downstream from the accelerator, with energy 

of approximately 5-10 MeV.  At this energy, no neutrons are 

produced, significantly reducing shielding requirements, 

and much less RF power will be needed to maintain the 

accelerator fields for subsequent electron pulses from the 

injector.  Thus, overall efficiency vastly improves.  This 

is referred to as an energy recovery linear accelerator 

(ERL). 



 12

THIS PAGE INTENTIONALLY LEFT BLANK 



 13

III. FEL CHARACTERISTICS 

A. TUNABILITY VS DESIGNABILITY 

In a conventional laser, the properties of the light 

generating medium determine the wavelength produced.  The 

FEL is the first laser that can be designed to operate at 

almost any wavelength in the electromagnetic spectrum, and 

is tunable over a large range.  By changing the strength of 

the magnetic field of the undulator, or the spacing of the 

magnets, or the energy of the electron beam, the FEL can 

achieve wavelength ranges not possible with conventional 

lasers.  This is important for military applications in 

order to design to a wavelength that will propagate well 

through the atmosphere.  It could also be useful for 

designing an FEL amplifier that will operate at a 

wavelength where there are high power, commercially 

available (or relatively easy to build) seed lasers.  

B. POWER LEVEL AND RELIABILITY 

 Since there is no solid-state or gas medium, inside 

of which the light is being generated, in an FEL, heating 

of the laser medium is not an issue at high powers.  Mirror 

heating may be a problem as with any high power laser.  In 

addition, existing FELs are very reliable.  They run in 

laboratories such as Stanford and Jefferson Lab twenty-four 

hours a day, seven days a week.  High power ERL-based FELs 

could have wall-plug efficiencies up to 20%.  The final 

advantage of the FEL is that it uses electricity instead of 

dangerous chemicals or gasses to generate light.  This 

allows for less restrictive and cumbersome use of the 

weapon, which is therefore much safer for personnel.  In 
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addition, there is no “magazine limit,” as long as ship 

fuel is available; a single engagement with an FEL weapon 

should only use a few gallons of ship fuel.   
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IV. BASIC THEORY 

A laser is a coherent light source.  In a conventional 

laser, the electrons that are used to create this light are 

in a gaseous or solid-state material.  They are placed in 

an energized state that will enable them to emit light, a 

process referred to as “pumping.”  Since there is an 

absorbing material, the energy put into the system and 

given off generates a lot of heat that needs to be 

dissipated.  In a free electron laser, the electrons eject 

or “boil off” the injector as described in the previous 

chapter and are no longer in a bound state.  While in the 

undulator, they are accelerated using magnetic fields, 

governed by the Lorentz Force equations.  This acceleration 

causes the emission of light without heating up the cavity.  

When there is light present then the electromagnetic field 

also affects the motion of the electrons and energy can be 

exchange between the electrons and the field.  In this 

section, we look at the basic principles governing the Free 

Electron Laser to understand how it is able to generate and 

amplify light. 

A. RESONANCE CONDITION 

Resonance occurs when energy transfer between the 

electrons and the optical field is optimum.  To elaborate, 

electrons travel down the undulator axis at a speed βzc, 

while the optical pulse is traveling at the speed of light, 

c.  The relationship between the two speeds results in the 

“electron-photon race,” depicted in Figure 6.   
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Figure 6.   Electron-Photon Race.  The blue represents 
an optical wavelength; the green is the undulator 

wavelength and the red dot the electron’s position within 
an optical wavelength at different locations along the 

undulator.  The electron has lost the race by one 
wavelength of light in a single undulator period.   

Using the difference in speeds between the two race 

participants where the light is leading the electron by 

velocity 

 (1 ) ,zc β−  (1) 

one can calculate the winning distance, λ.  By multiplying 

the velocity difference by the time that the race,  

 λ
βΔ = 0 ,
Z

t c  (2) 

we see that the laser wavelength at the resonance condition 

is 

 

(1 )  ,

1
.

z

z
o

z

c tλ β
βλ λ

β

= − Δ
−

=
 (3) 

 The relativistic Lorentz force equations that govern 

an electron’s motion are 

 ( )( )
,

d e
E B

dt mc
γβ β= − + ×
v

vv v
 (4) 

 ,
d e

E
dt mc
γ β= − ⋅

v v
 (5) 
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where cβ = v
r r  is the electron velocity, m is the electron 

mass, and e is the electron charge.  The relativistic 

Lorentz factor, ,γ  gives the relationship between the 

electron’s velocity and its energy  

 2 2 21  .zγ β β−
⊥= − −  (6) 

 The undulator parameter, which is a dimensionless 

measure of the undulator field strength Brms, is 

 rms o
2

eB
.

2 mc
K

λ
π

=  (7) 

For a relativistic electron beam, γ >> 1, we can show that 

[2]  

 
( )2

z 2

1 1
.

2

K
β

γ
− +

≈  (8) 

We can now rewrite the condition for resonance in terms of 

K  

 
2

0
2

(1 )
2

.
Kλλ

γ
+

≈  (9) 

B. PENDULUM EQUATION 

For a helical undulator the magnetic field along the 

axis is 

 [cos( ),sin( ),0] .m o oB B k z k z=
r

 (10) 

In this equation Bm=Brms is the magnetic field strength, 

λo=2π/ko is the undulator period and z is the distance along 

the undulator.  The optical electric and magnetic fields 

are 

 [cos( ), sin( ),0] ,E E ψ ψ= −
r

 (11) 

 [sin( ),cos( ),0] .B E ψ ψ=
r

 (12) 
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In these equations ψ=kz-ωt+φ , E is the optical field 

amplitude in cgs units, φ  is the optical phase, k=2π/λ is 

the wavenumber and ω=kc is the frequency.   

 Substituting the undulator and laser fields into the 

Lorentz force equation, (4) and realizing that for 

relativistic electrons the speed is almost the speed of 

light, c, the transverse motion of an electron in a helical 

undulator is [2] 

 [ ]cos( ),sin( ),0  .o o

K
k z k zβ

γ⊥

⎛ ⎞
= −⎜ ⎟

⎝ ⎠

r
 (13) 

We then look at the electron’s microscopic motion.  By 

substituting equation (11) and (12) into (3) we find 

 cos( ) ,
eKE
mc

γ ζ φ
γ

= +&  (14) 

where ζ = (k + ko)z – ωt is the “electron phase.”  The 

electron phase follows the electron’s microscopic position 

z(t) within an optical wave.  Also, note that if γ&  > 0, the 

electron gains energy, if γ&  < 0, the electron loses energy 

to the optical field.  For a random distribution of the 

electron phases, about half the electrons gain energy and 

half lose energy.  This causes the electron beam to bunch 

and to radiate coherently.   

 We introduce the electron phase velocity as 

 0[( ) ]z

d
L k k k

d
ζν β
τ

≡ = + − , (15) 

where we have taken the derivative of the electron phase 

with respect to dimensionless time, τ=ct/L.  Using this 

scale for time, we see that τ goes from 0 to 1 along the 

length of the undulator, L.  Next, we take the derivative 
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of the electron phase velocity and use the previous result 

that at resonance βz≈1-(1+K2)/2 γ 2 in the relativistic limit 

of γ >> 1 to get 

 
4

.
o

d L d
d
ν π γν
τ λ γ

= =
o

o

 (16) 

We can arrive at the “pendulum equation” by combining 

equation (14) and equation(16) to get 

 cos( ) ,aν ζ ζ φ= = +
o o o

 (17) 

where │a│=4πNeKLE/( γ 2mc2) is the dimensionless laser field 

amplitude and expresses how more relativistic electrons 

with larger Lorentz factor, γ , require a stronger optical 

field E or a longer undulator to accomplish the same 

bunching.  When |a|≤ π, the laser has weak optical fields, 

the electrons do not strongly bunch, and there is 

insignificant energy exchange between the electrons and the 

optical fields.  When |a|>> π, the laser has strong fields 

and there can be significant bunching and energy exchange.  

The pendulum equation (17) describes the microscopic motion 

of electrons in phase space and is valid in both weak and 

strong optical fields with high or low gain.   

C. WAVE EQUATION 

Maxwell’s wave equation written in the full form is 

 
2 2 2

2 2 2 2

1 4
( , ) ( , ) ,A x t J x t

x y c t c
π

⊥

⎛ ⎞∂ ∂ ∂
+ − = −⎜ ⎟∂ ∂ ∂⎝ ⎠

r rr r
 (18) 

where the optical vector potential is    ( , )
r rA x t , c is the speed 

of light, and ⊥

r
J  is the transverse component the electron 
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current density.  Using the following relationships, we are 

able to derive the laser’s electric and magnetic fields 

 
1

,
A

E
c t
∂

= −
∂

r
r

 (19) 

 .B A= ∇ ×
rr r

 (20) 

We assume that the beam is coherent, that the optical 

vector potential is slowly varying over the optical 

wavelength, and that it is slowly varying in time compared 

to the optical frequency.  Next, put the vector potential 

in the form 

 
( , ) ˆ ,iE x t

A e
k

αε=
ur

ur
 (21) 

where α=kz-ωt is the phase of the carrier wave, E is the 

complex laser electric field and ε̂  is the laser field’s 
polarization vector.  Using the “method of characteristics” 

we can derive that the parabolic wave equation with a 

source current,  is 

 2 1 4 ˆ2  ,id
ik E J e

c d c
απ ε

τ⊥ ⊥
⎡ ⎤⎛ ⎞∇ + = − •⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

uuur uur
 (22) 

where 2
⊥∇

uuur

 is the transverse Laplacian with partial 

derivatives in the x and y coordinates.  The electron 

current density J⊥

uur
 is the sum of all single-particle 

currents, 

 (3)( ( )) ,iJ ec x r tβ δ⊥ ⊥= − −∑
uur uuv rr  (23) 

where ( )ir t
r  is the position of the ith electron at time t.  

The transverse motion that contributes to the current in 

the undulator then reduces from equation (13) to  

 ˆRe( ) .oik zK
i eβ ε

γ
−

⊥ = −  (24) 
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Then combining equations (24) and (23) we obtain 

 2 2
4 ( , )  .

ik d
E NeKk x tdV

L d
π ρ

τ⊥
⎡ ⎤∇ + = −⎢ ⎥⎣ ⎦

uuur ur
 (25) 

To simplify the equation we again introduce 

|a|=4πNeKL|E|/ 2
0γ mc2 as the dimensionless laser field, so the 

complex laser field is a=|a|eiφ , and the dimensionless FEL 

current density is j=8π2Ne2K2L2ρ/γo3mc2.  Defining 

dimensionless transverse coordinates as 

 

1/2

1/2

( )  ,
2

( )  .
2

=

=

%

%

kx x
L
ky y
L

 (26) 

We can write the wave equation as 

 2 ( , )  .
4

ζ

τ
−

⊥

∂⎡ ⎤− ∇ + = −⎢ ⎥∂⎣ ⎦

rr
ii a x t je  (27) 

The Laplacian 2
⊥∇
r
 now involves derivates with respect to the 

new dimensionless coordinates %x  and %y .  In equation(27), 

the 2
⊥∇
r
 terms on the left-hand-side describe diffraction of 

the beam.  When diffraction is small and the electron and 

optical beam exactly overlap the equation can be rewritten 

in its simplest form 

 .ia j e ζ−= −
o

 (28) 

In equation(28), the term on the right is a measure of 

the bunching of the electrons.  The open circle on a  is to 

denote the derivative with respect to dimensionless time as 

discussed earlier.  As seen in equation (17), the evolution 

of ζ  depends on the field a, and we see in equation (28) 

that the evolution of a depends on the electron bunching, 

ζ .  This is a feedback loop and leads to growth of the 
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optical field.  Eventually, electrons will overbunch and 

will reach saturation producing no more gain.  When j≤π the 

gain and coupling for the beam will be small and when j>>π 

the coupling and gain will be large. 
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V. TRANSVERSE MULTIMODE SIMULATIONS 

The three-dimensional oscillator simulations run on a 

desktop computer.  They use the Lorentz force equation for 

electrons and the paraxial wave equation for light, self-

consistently following the evolution of the electrons and 

the optical wavefront in three dimensions (x, y, and t).  

Simpler codes only look at the interaction of a single 

optical mode (i.e., a plane wave) with a relativistic 

electron beam as it passed through the undulator.  The 

three-dimensional oscillator simulations developed at NPS 

have the ability to follow multiple transverse optical 

modes.[4] 

The optical field can start with predetermined 

amplitude and phase or it starts up from noise.  In the 

undulator, the simulation applies the pendulum equation to 

determine the microscopic motion of the electron in the 

presence of the undulator and optical fields.  It uses the 

wave equation to consistently update the optical field 

amplitude and phase.  The effects of mirror transmission 

and edge losses are included.  Since the code uses a 

Cartesian coordinate system, it is not bound to assume 

axial symmetry and can study the effects of arbitrary 

shifts and tilts of the electron beam and the cavity 

mirrors.   

In this chapter, we examine the effects of electron 

beam stability and resulting misalignment.  First, we will 

vary the angle that it enters the optical cavity and then 
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shift it off axis.  We will use both generic FEL oscillator 

parameters and the JLab’s 14 kW oscillator parameters 

results in our study. 

A. GENERIC FEL OSCILLATOR 

 

Figure 7.   Generic FEL Oscillator.  Blue represents the 
optical field that is bouncing between the two black curved 
mirrors.  The red represents the electron beam entering the 
optical cavity and being steered by magnetic coils to be in 
line with the optical mode.  The green is the undulator and 
is not shown to scale but enlarged for clarity purposes.   

In order to explore the effects of electron beam 

misalignments we present the generic oscillator, in Figure 

7.   The optical cavity includes all the components that 

are between the two mirrors; their operation described in 

detail in chapter 2.  The optical cavity ~ 20 meters long 

while the undulator is only 75 cm in length.  The extra 

length of the cavity allows for lower intensity light to 

impinge upon the mirrors.   

Misalignments that cause instabilities can be caused 

due to transport path malfunctions.  Control systems send 

feedback to the magnetic steering components in order to 

attempt to place the beam in the correct position.  Knowing 

the effect of imperfect injection establishes tolerances 

that these systems must be designed to.  The other factor 

that may play a role is vibrations from the platform the 

cavity is mounted to. 
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For the generic oscillator simulations, we fixed the 

transverse emittance at εn = 10 mm-mrad, and the 

longitudinal emittance at ε1 = 200 keV-ps, corresponding to 

an energy spread of Δγ/γ = 0.2%.  The undulator has 25 

periods and the FEL is operates at 1.12 microns.  A summary 

of generic FEL oscillator parameters are in Table 1.   

 

Electron Beam: 
Energy Eb = 120 MeV          
Transverse Emittance εn = 10 mm-mrad 
Radius rb = 0.1 mm 
Longitudinal emittance εl = 200 keV-ps 
Bunch Charge q = 1 nC          
Peak Current Ipeak = 500 A 
Bunch Length tb = 2 ps       
Energy Spread Δγ/γ = 0.2% 
 
Undulator: 
Period λ0 = 3 cm 
Number of periods N = 25 
Length L = 0.75 m 
Undulator parameter Krms = 1.78 
 
Optical Cavity: 
Wavelength λ= 1.12 μm 
Rayleigh length Z0 = 7.5 cm 
Cavity Length S = 20 m         
Quality factor Qn = 4    (25% loss/pass) 

Table 1.   Generic FEL Oscillator parameters. 
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1. No Shift or Tilt 

We first look at how the generic oscillator behaves 

with no tilt or shift.  Over a hundred passes, we have 

allowed this FEL to build up to a steady-state optical 

field.  After about 50 passes, the optical mode has reached 

a relatively stable cross-section shape.  At the conclusion 

of the run, the optical mode has developed a Gaussian 

intensity pattern at the right-hand mirror.  This is shown 

in Figure 8.   

The electron beam started with a relatively narrow 

energy distribution ( )recall 4 /Nν π γ γΔ = Δ .  After about 50 

passes, it has given up energy to the optical field, 

reached saturation, and begun to overbunch taking some 

energy back from the optical field, as shown in Figure 9.  

For this case with no tilting or shifting of the electron 

beam or the mirrors, the FEL has an extraction of 2.3%.   
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Figure 8.   Generic FEL Oscillator with no tilt or 
shift.  Top left is the color scale for the field 

amplitude.  Bottom left is the evolution a cross-section 
the optical mode at the right mirror as a function of 
passes.  On the right is the intensity pattern of the 

optical field at the right mirror. 

 
 
 

 
Figure 9.   Left is the evolution of electron phase 

velocity distribution versus pass number.  On the right is 
the final phase space distribution at the end of the 

undulator on the last pass in steady state.   
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2. Electron Beam Shift 

The electron beam will now be shifted off axis from 0 

to 1.5 mm.  It no longer passes through the center of the 

cavity where the energy exchange between the optical field 

and electron beam would normally be taking place.  A cross 

section of the electron beam and the optical field on the 

last pass through the undulator is shown in Figure 10.  

Three different scenarios are shown: an electron beam shift 

of 0, 0.5 and 1.5 mm (from top to bottom).  The simulation 

handles about 30,000 electrons so what is shown in red is 

only a small sample in order to visualize their position.  

The spacing from how many integration time steps were taken 

through the undulator.  In this case, we used 50 time steps   

In the 0.5 mm shift case, the electrons are amplifying 

the optical field off axis more than on axis and the 

optical field mode at the waist pulled upwards.  Since the 

optical field strikes the upper part of right-hand mirror 

it is reflected at an angle, causing the mode to pivot 

about the middle.  In the drastic case of 1.5 mm shift, the 

optical mode is steered by the interaction and FEL power is 

reduced.   

The yellow curve at either end of the undulator 

represents a cross-section of the optical field.  It can be 

seen that the optical field has moved off axis 

substantially compared to the fundamental Gaussian mode 

shown in magenta. 

There is no evidence of any betatron oscillations in 

Figure 10.  The betatron oscillations would tend to focus 

the electron beam to keep it on axis in the undulator 
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causing a sinusoidal pattern in the red dots.  The betatron 

frequency in an undulator is given by [4]  

 2   .
NK

βω π
γ

=  (29) 

where N is the number of periods, K is the undulator 

parameter and γ  is the Lorentz factor, all as discussed in 

the theory section.  For this case, 1.2Bω =  so we would 

expect about 1/5 of an oscillation over the length of the 

undulator, τ=0->1.  There should be very little apparent 

focusing, as the simulation shows.   

One consequence of a shift of the electron beam is 

that the optical field would leave the optical cavity at an 

angle that would have to be accounted for in the beam 

control system.  This angle of exit could be an important 

issue for control systems, even if the system is still 

performing at an adequate extraction level.   
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Figure 10.   Cross section of electron beam and optical 
field as it progresses from τ = 0->1 on the last pass 

through the undulator.  In red are sample electrons.  In 
blue is the optical field, using the same color scale as 
before.  The thin yellow lines indicate the 1/e points of 
the optical field amplitude.  The thick yellow lines on the 

left and right are cross-sections of the optical field 
amplitude at the beginning (τ=0) and end (τ=1) of the 
undulator.  They are overlaid onto the magenta curves, 

which correspond to the fundamental Gaussian mode for the 
cavity.  The top picture is with no tilt or shift.  The 

center picture is for an electron beam shift of 0.5 mm, and 
the bottom picture is for a shift of 1.5 mm.   
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Another useful feature of the simulation output is to 

be able to look at what is happening with the optical field 

and its mode composition at the right mirror of the cavity.  

The progression of a shift of 0–2.7 in dimensionless units, 

as described in chapter 2, is shown in Figure 11.  The 

shifts correspond to a range of 0–1.5 mm.  Recall from 

chapter 2: the black lines just outside the border of each 

window on the right and lower boundaries represent the 

extent of the mirrors modeled.  In the generic oscillator 

case, the mirrors extend all the way out to the edge of the 

optical window, so there is no leakage outside the mirrors, 

even for large tilts and shifts.  In yellow is the optical 

field profile at the mirror on the last pass of the 

simulation.  At higher electron beam shifts it becomes 

evident that the mode make up is distorted and the physical 

location that the peak field hits the mirror is also off 

axis. 

We see that the electron beam is trying to pull the 

light off axis.  However, the peak of the optical field is 

not necessarily shifting off axis proportional to the 

electron beam shift, as seen in Figure 11.  This is due to 

the competition between the fundamental Gaussian mode 

cavity is and the gain that the electron beam is providing 

off axis.  Consequentially, there is broadening in the 

optical field vertically corresponding to the electron beam 

shift along this axis.
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Figure 11.   Optical field at mirror.  Specifically, the 
partially transmissive mirror on the right side of the 
cavity.  Ten cases showing the evolution of the optical 
field as a function of electron beam shift.  The shift 

values shown are dimensionless and correspond to a range of 
0-1.5 mm shift in electron beam off axis.   
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3. Electron Beam Tilt 

Electron beam tilt can occur because of component 

vibrations or equipment misalignment.  Typical vibrations 

in the system are of acoustic frequencies on a much longer 

time scale than the round-trip time of the optical pulses, 

so the effect on the FEL interaction is modeled as a static 

tilt.  The incoming electron beam is tilted as it enters 

the optical cavity from zero to 8 mrad and the effect on 

the FEL performance is analyzed.   

Two amounts of tilt in the electron beam are presented 

in Figure 12.  For reference, the non-tilted case is shown 

with two increasing degrees of tilt following beneath.  In 

the middle example, the shift is about 5 mrad resulting in 

an extraction of about 2 percent.  However, one can see at 

the left end of the undulator, that higher order modes are 

amplified as evidenced by the distortion in the shape of 

the optical field as compared to the Gaussian.   

The lower picture shows a decoupling of the optical 

beam and the electron field for most of the undulator and 

thus there is very little bunching of gain.  The extraction 

is essentially zero.  Note that the peak optical field 

amplitude indicated in yellow in the upper right is much 

smaller than the other cases (~10-6).  The optical beam is 

trying to follow the electron beam as the tilt increases.  

The cavity, at the same time, is competing by trying to 

sustain its fundamental Gaussian mode, determined by the 

cavity length and mirror curvature.  In the lowest picture, 

the FEL is not working and the power is headed to zero.   
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Figure 12.   Electron beam tilt.  Top is no tilt followed 
by a tilt of 5 mrad (middle) and then a tilt in excess of 8 

mrad (bottom). 

A series of figures of the optical field at the right 

mirror as we vary the electrons beam tilt is shown in 

Figure 13.  There is a dramatic difference in the optical 

mode shape at the mirror as the tilt is increased.  

Although the goal was to make the mirrors large enough so 

that mirror edge losses did not contribute to loss, we see 

there is still the largest decrease in performance when the 

optical field starts to “leak” out the top edge of the 

mirror.  In order to avoid this, the study would have to be 

performed with even larger mirrors.   
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The amount of tilt tolerated by the operating FEL is 

known to be much more than with a comparable “cold” cavity 

[6].  The FELs directional gain medium, the electron beam, 

works to keep the cavity mode aligned.   

 

Figure 13.   Optical field at right mirror as a function 
of tilt.  
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4. Combined Effects on Extraction 

For the generic oscillator we have looked at various 

aspects of the operation during electron beam 

misalignments.  One of the key parameters to report however 

is the extraction as a function of both the electron beam 

tilt and shift, as shown in Figure 14.  On the right is a 

color scale for the extraction.   

In the previous pages, we have shown that there is a 

difference in sensitivity for FEL beam shifts or tilts.  

Specifically when we were shifting the electron beam there 

was a consistent gradual degradation in performance.  

However, when tilting the electron beam a critical angle 

was reached past which the degradation was distinct.  The 

large difference between the two scenarios is that while in 

the shift cases we presented the overlap between the 

electron beam and optical field existed along the whole 

undulator, in the most extreme tilt cases, the electron 

beam and optical field were decoupled. 

For the generic oscillator we find that to get an 

extraction of greater than 1% we need a beam with a 

combined shift and tilt of less than 0.6 mm and 4 mrad, 

respectively. 
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Figure 14.   Extraction (Ƞ) versus both electron beam 

shift (∆y) and electron beam tilt (∆Ɵy).  The red contour 
lines correspond to extractions of 1 and 2%.   
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B. JEFFERSON LAB FEL OSCILLATOR 

We next explore the effects of electron beam and 

mirror tilt and shift in an existing experiment.  In 

October of 2006, the Jefferson Lab (JLab) FEL achieved a 

record average power of 14 kW. JLab utilizes an energy 

recovery linac in order to increase the overall efficiency 

of the machine.  This is similar to what the Navy intends 

to do with their laser weapon in order to increase the 

efficiency and decrease the energy of the electrons at the 

beam dump, as described in chapter 1. 

A schematic of the JLab experiment is shown in Figure 

15.  In orange is the injector, the red arrows show the 

accelerating electrons, the blue arrows show the 

recirculating electrons coming back into the accelerator in 

such a RF phase that they give energy back.  They are 

steered to an energy dump for disposal.  The optical 

cavity, circled in red, is the region that we will simulate 

the interaction.   

The cavity length is 32 m long (the generic oscillator 

was 20 m) and the undulator length is 1.65 m (vice 0.74 m 

studied previously).  The core bunch charge is only 0.114 

nC (much lower than 1 nC for the generic oscillator.)  The 

transverse emittance of εn = 8 mm-mrad is comparable, 

however, the JLab longitudinal emittance is substantially 

lower at 80 kev-ps, corresponding to an energy spread of 

Δγ/γ = 0.4 %.  This is mainly due to the much lower bunch 

charge.  The undulator has 30 periods and the optical 

cavity is designed for a wavelength of 1.6 microns.  The 

parameters are summarized in Table 2.   
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Figure 15.   Schematic of the Jefferson Lab FEL 
Oscillator.  Shown is both the overall system including the 

recirculation path for electrons and then a blown-up 
picture of just the optical cavity.  [From 5].  
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Electron Beam: 
Energy Eb = 115 MeV          
Transverse Emittance  εn = 8 mm-mrad 
Radius rb = 0.17 mm 
Longitudinal Emittance. εl = 80 keV-ps 
Bunch Charge q = 0.114 nC          
Peak Current Ipeak = 285 A 
Bunch Length tb = 0.4 ps       
Energy Spread Δγ/γ = 0.4% 
 
Undulator: 
Period λ0 = 5.5 cm 
Number of periods N = 30 
Length L = 1.65 m 
Undulator parameter Krms = 1.36 
 
Optical Cavity: 
Wavelength λ= 1.6 μm 
Rayleigh length Z0 = 75 cm 
Cavity Length S = 32 m         
Quality factor Qn = 5  

Table 2.   JLab Oscillator parameters. 
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1. No Shift or Tilt 

We begin by looking at how the JLab experiment 

operates with no misalignments.  The number of passes is 

increased to 200 from the 100 used for the generic 

oscillator, but the optical mode again has stabilized after 

about 50 passes, as shown in Figure 16.  The electron phase 

space distribution on the right shows that the electrons 

have bunched and reached saturation and the optical mode 

shape in the middle is a Gaussian shape.   

 

 

Figure 16.   JLAB oscillator with no misalignments in the 
electron beam or mirrors.  On the left is the evolution of 
the optical mode, as a function of the passes.  The optical 

field at the right mirror on the last pass is in the 
middle.  On the right is the electron phase-space plot at 

the conclusion of the last pass.  

The power and gain evolution as a function of passes 

is shown in Figure 17.  In the actual experiment, the 

machine will start up from noise but in our simulation, we 

start from a small source of initial light in the cavity.  

The resulting steady-state solution at saturation is 

independent of the initial field.  The extraction reached 

is 2%, which corresponds to 20 kW of output power through 
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the 20% transmissive right mirror.  Since the electron 

pulse length is slightly less than three times the slippage 

distance, we would expect pulse slippage to mildly affect 

the results.  Based on 2D simulations, had we taken these 

into account we would have found about a 20% decrease in 

extraction, which would have resulted in an average optical 

power of 16 kW, close to the observed 14 kW.   

The optical field at the partially transmissive mirror 

is shown on the right of Figure 17.  The 1/e width of the 

electric field amplitude is approximately 14 mm, which 

compares well with experimental results.  The thick black 

lines on the right and lower edges of the picture represent 

the mirror as before.  In the case of JLab, there is not as 

much space for the optical field to shift before the edges 

of the mirror will be reached.  It is expected that this 

will affect the sensitivity to shift and/or tilts.   

  

 

Figure 17.   Top left is the power evolution and the 
bottom left is the gain evolution for the JLab FEL 

oscillator.  Both are a function of number of passes, n=0-
>200 for this oscillator.  On the right is optical field at 

the right mirror, which is aligned well with the 
fundamental Gaussian mode. 
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2. Electron Beam Shift 

The electron beam was shifted off-axis from 0 to 2 mm.  

Recall that for the generic oscillator we shifted from 0–

1.5 mm.  The electron beam and optical field in the 

undulator on the last pass in steady state are shown in 

Figure 18.  On the right is the corresponding 3D rendition 

of the optical field at the right mirror.  The unshifted 

case is presented on the top followed by the 0.55 mm and 

then the 1.1 mm shift results.  The extraction for these 

three cases for comparison is 2.0%, 1.6 % and 0.5%, 

respectively.  
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Figure 18.   JLab FEL oscillator with various electron 
beam shifts.  From top to bottom are 0, 0.55, and 1.1 mm 
shift off axis.  On the left is the cross section of the 
electron beam and the optical field as it progresses from 
τ=0->1 in dimensionless time through the undulator on the 
last pass.  On the right is the optical field at the right 

mirror after the final pass.   
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The mirror size is affecting the tolerance to electron 

beam shift in Figure 19.  Mirror edge losses occur as early 

as in the 0.44 mm shift, which is the top right picture in 

Figure 19.  When the light starts clipping at the edge of 

the mirror there is an increasing amount of diffraction 

pattern in the optical field.  It further intensifies the 

higher-order mode composition of the optical mode.  In 

order to keep the extraction greater than 1%, we find the 

beam should not shift more than 0.75 mm.  This corresponds 

to the third picture from the left in the bottom row of 

figure 14.  A good portion of the optical mode now is 

outside the Gaussian and the peak has been shifted by about 

a quarter of the Gaussian fundamental mode width. The 

overall performance as function of the shifts is presented 

along with the tilt data in the next section.   

 

 

Figure 19.   The right mirror and is associated optical 
mode and position.  The electron beam is being shifted on 
axis in progression from left to right top to bottom.  The 

range covered is 0 – 1.1 mm total shift in equal 
increments.  
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3. Electron Beam Tilt 

Various ranges of electron beam tilt were examined for 

the JLab experiment in order to bracket the amount of 

tolerable tilt in the range of 0–4 mrad.  To compare the 

JLab experiment to the generic oscillator, we can look at 

how both performed in the range between 0 –> 1 mrad 

electron beam tilt.  In the case of the generic oscillator, 

the extraction decreased about 3% of its original value.  

However, the JLab experiment’s extraction decreased by 

roughly 18% of its original value for the same tilt.  This 

can be attributed to two effects, seen in Figure 20.  On 

the top is the generic oscillator’s electron beam and 

optical mode field as it passes through the undulator.  

Beside it is the optical field at the right mirror.  Below 

is the same for the JLab oscillator.  (i) Notice that the 

generic oscillator has more of a peak shift at the mirror 

than JLab.  This is because the light is “following” the 

electron beam tilt for the generic oscillator, but not for 

JLab.  (ii) Also notice that the electrons in the undulator 

are physically staying within the 1/e width (thin yellow 

line) of the optical field for the whole distance of the 

undulator for the generic case, but not JLab.  This is 

vital for the gain of an FEL.  The conclusion is that the 

generic oscillator is less sensitive to electron beam tilt 

than JLab.   

Due to its shorter Raleigh length, the mode diverges 

more rapidly for the generic oscillator, as shown in Figure 

20.  This agrees with published results [6] that concluded 

that as electron beam is tilted it is still able to overlap 

with the optical field and provide gain.   
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Figure 20.   Generic oscillator electron beam and optical 
field in the undulator (top left) and the optical field at 
the right mirror (top right).  On the bottom is the same 

for JLab oscillator experiment for comparison.   

4. JLab Extraction 

The extraction as a function of electron beam shift is 

shown in Figure 21.  The extraction as a function of 

electron beam tilt is shown in Figure 22.  Included with 

the graphs are figures showing the optical modes for 

specific values.  There is a 50% drop in extraction if the 

beam is shifted by Δy≈0.8mm.  The electron beam tilt for 

the same fractional drop in extraction is Δθy≈1.2 mrad.  The 

extraction of the generic oscillator drop by 50% at a 

similar shift of about 0.8 mm, but a much larger tilt of 

about 7 mrad.  The JLab experiment is much more sensitive 

to tilt in the electron beam than the generic oscillator.  

We believe this is due to its longer Raleigh length, ant to 

the optical power clipping by the mirror edges.   
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Figure 21.   Extraction as a function of electron beam 
shift for the JLab FEL oscillator.  Included is electron 
beam and optical field plots at the partially transmissive 

mirror and along the undulator.   
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Figure 22.   Extraction as a function of electron beam 
tilt about the center of the undulator for the JLab FEL 
oscillator.  Included are electron beam and optical field 

plots at various points.   
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VI. FOUR-DIMENSIONAL SIMULATIONS 

The four-dimensional (4D) amplifier simulation runs on 

a cluster computer.  It similarly uses the Lorentz force 

equation and the paraxial wave equation self-consistently 

following the evolution of the electrons and the optical 

wave.  Instead of just following the optical wavefront as 

described for the transverse multimode simulation, the 4D 

simulation slices the optical pulses up into sections, so 

that each node of the cluster follows one slice of the 

pulse.  The NPS 128 node cluster is shown in Figure 23.  It 

can handle approximately 100 slices of the optical pulse 

shown in A typical simulation includes about three million 

electrons.  Since the electrons are traveling slightly 

slower than the optical pulse, they will continually “slip” 

back, lagging the optical pulse.  To account for this 

slippage the sample electrons continually pass from one 

node to the next at appropriate intervals of time [4].   

The left two pictures show the relative position of 

the electrons (in red) to the optical pulse (in blue) at 

the beginning and end of the undulator.  Recall that τ is 

the dimensionless parameter for time, which varies from 

zero to one, from the beginning to the end of the 

undulator.  At the beginning of the undulator, τ=0, the 

electron pulse (in red) is ahead of the optical pulse (in 

blue).  As time progresses the electrons slip back 

continuously.  The difference in the optical field from τ = 

0 to 1 is due to the gain process.  The pulse width narrows 

and its peak shifts as the electrons slip back and amplify 

only the portion of the optical field that they pass over.   
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Figure 23.   NPS 128-processor Apple Xserve cluster. 
Contains 64 nodes and is used to simulate FELs in x,y,z and 
t.  On the left are two pictures showing the relationship 
between the electron pulse, in red, and the optical pulse, 
in blue.  The two pictures are from the beginning (τ=0) to 

the end (τ=1) of the undulator. 
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A. GENERIC FEL AMPLIFIER 

The generic amplifier simulated has many parameters 

that are similar to the generic oscillator presented 

earlier.  A schematic is provided in Figure 24.   

 

Figure 24.   Generic FEL amplifier basic layout.  In red 
is the electron beam.  In Blue is the optical field.  In 
green is the Undulator.  On the left in black is the seed 
laser and on the right is the first optical mirror that the 

optical field will meet.   

We used the same electron beam and undulator 

parameters as before with the exception of the undulator 

length.  The length is approximately five times larger 

increasing from 75 cm to 3.6 m.  In the oscillator 

configuration, the light is stored in the region between 

the mirrors and its amplitude allowed to build up over many 

passes.  In the amplifier, there is only one pass for the 

light to reach a useful power level.  For this reason, the 

length of the amplifier undulator is much longer than the 

oscillator to achieve the necessary gain and energy 

extraction.   

The transverse multimode simulations started from a 

weak initial optical field.  In an FEL amplifier, the seed 

laser determines the initial optical field.  The electron 

beam energy is 120 MeV with a bunch length of 2 ps.  The 

undulator has a period of 3 cm and is 3.6 m long.  The seed 

laser has an optical power of 1 watt, wavelength of 1.11 µm 

and pulse length of 4 ps.  The parameters of the generic 
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amplifier are given in Table 3.  We will use the 4D 

simulation code to describe the performance of the generic 

amplifier as a function of electron beam tilt and shift.   

 

Electron Beam: 
Energy Eb = 120 MeV          
Transverse Emittance    εn = 10 mm-mrad 
Radius rb = 0.3 mm 
Longitudinal Emittance εl = 200 keV-ps 
Bunch Charge q = 1 nC          
Peak Current Ipeak = 500 A 
Bunch Length tb = 2 ps       
Energy Spread Δγ/γ = 0.2% 
 
Undulator: 
Period λ0 = 3 cm 
Number of periods N = 120 
Length L = 3.6 m 
Undulator parameter Krms = 1.8 (1cm gap) 
 
Seed Laser: 
Wavelength λ= 1.11 μm 
Average Power Popt=1 W 
Pulse Length topt = 4 ps         
Peak power Ppeak=330 kW 

 

Table 3.   Parameters of the generic amplifier. 
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1. Electron Beam Shift 

The electron beam is shifted off the undulator axis by 

0 to 1 mm.  A side and top view of the optical field and 

electron beam in the undulator are shown in Figure 25.  The 

optical field in light blue is shown to grow as it 

interacts with the electron beam and reaches maximum field 

strength at the end of the undulator.  The electron beam 

has a shift off the undulator axis by ∆y = 0.4 mm and no 

tilt.  The sampled electrons in red are shown to be steered 

toward the axis in the lower picture by the betatron 

oscillation.  Equation(29) predicts that there will be 

about 0.9 betatron oscillations in the undulator, which 

agrees with the simulation.  At the end of the undulator, 

the electron beam is off-axis by approximately the same 

amount when it entered the undulator.  To the right of the 

bottom picture, the cross section shows the electron beam 

(red) overlapping the peak of the optical field (blue).  

This overlap will affect the FEL performance.    
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Figure 25.   Generic FEL amplifier, showing the electron 
beam (red) and optical field (blue) as they progresses from 
τ = 0->1.  In red are sample electrons.  The electron beam 
was shifted by 0.4 mm in the y direction.  To the right of 
each picture are cross-sections vs. x and y of the electron 

beam and optical field.   

The optical field at both the end of the undulator and 

the first mirror are shown on the left and right of Figure 

26.  There are higher order modes that have developed shown 

by the yellow curves that represent the optical field.  

Unlike the oscillator, the optical field is still on axis.  

This can be contributed to the betatron oscillations 

bringing the electron beam back on axis for the last part 

of the undulator, which also is where the most energy 

exchange occurs.  The extraction for this shift of 0.4 mm 

is 0.5%, half the value optimal achieved with no shift or 

tilt in the electron beam.   
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Figure 26.   Generic Amplifier, optical field at the end 
of undulator (left) and first mirror (right).  The yellow 

curves are cross-sections of the optical field. 

2. Electron Beam Tilt 

The electron beam is now tilted when it enters the 

undulator by 0 to 1 mrad.  The generic amplifier with the 

electron beam tilted in y by 0.4 mrad as it enters the 

undulator is shown in Figure 27.  Again, betatron 

oscillations bend the electron paths toward the undulator 

axis.  The overlap along the undulator is not very much 

different when looking at the tilt and shift cases.   

 



 58

 

Figure 27.   Generic amplifier with the electron beam 
entering at a 0.4 mrad tilt about in y.   

3. Combined Effects 

The electron beam was shifted and tilted over all 

combinations of the ranges that were previously discussed.  

The Extraction is plotted in Figure 28.   

The generic FEL amplifier decreases down to 50% of the 

maximum extraction for an electron beam shift Δy ≈ 0.4 mm 

and tilt, Δθy ≈ 4 mrad.  The generic oscillator had a 

similar 50% drop in extraction for shift Δy ≈ 1 mm, tilt Δθy 

≈ 7 mrad.  Since the machines are as similar as possible, 

it is found that the generic amplifier is more sensitive to 

electron beam shifts and tilts than the generic oscillator.   
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Figure 28.   Generic Amplifier extraction as a function 
of both shift and tilt of the electron beam.  At the peak 
value, there is an extraction of just over 1%.  The red 

line corresponds to an extraction of 0.5%.   

 



 60

THIS PAGE INTENTIONALLY LEFT BLANK 



 61

VII. ELECTROSTATIC CATHODE TEST CELL 

As discussed in Chapter II, the first component in the 

FEL is the injector where electrons are extracted from a 

surface, the cathode, and an electron beam created.  The 

beam quality out of the injector is usually the best that 

we can have anywhere in the system.  The NPS FEL group is 

beginning its cathode research using the original DC gun-

based injector system from the Stanford Superconducting 

Accelerator (SCA).  A schematic of this 2 stage, 240 kV DC 

gun is shown in Figure 29.  It has Pierce-type geometry and 

a gridded cathode.   

When first emitted, electrons have negligible velocity 

of just a few eV.  The space charge effects, due to many 

charged particles being in close proximity, cause the beam 

to diverge.  Pierce geometry provides initial focusing by 

angling the cathode surface to curve equal potential lines 

just outside the surface.  Since the electrons are governed 

by the Lorentz force equation described in Chapter II, they 

will tend to travel perpendicular to such equipotential 

lines along electrostatic field lines.  As such, this 

Pierce-type geometry tends to focus the electron beam 

helping to counter the defocusing effects of space charge.   

The SCA gun is currently being used for low-energy 

beam transport studies and cathode characterization.  Based 

on the current configuration, with a potential difference 

of 100 kV, the gradient at the cathode center is 1.4 MV/m.  

The maximum radius of the cathode in this design is 4 mm 

based on the inner radius of the Pierce-type electrode 

ring.   



 62

 

 

Figure 29.   Original DC gun from Stanford 
Superconducting Accelerator (SCA).  This figure shows the 
DC Gun electrode geometry and equipotentials (in magenta).  

[From 7] 

A. FIELD EMISSION AND SPACE CHARGE 

To be emitted into vacuum, electrons that are in a 

metal cathode must overcome the potential barrier whose 

height is greater than the electron’s Fermi energy.  In the 

classical picture, the only way for the electron to escape 

is to get “over” the barrier by adding enough energy to the 

electron, as shown in Figure 30.   
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Figure 30.   Photoemission of an electron.  An electron 
would increase in energy to rise from its Fermi energy to 
escape the metal.  This is known as the work function of 
the material (φ). EF is the Fermi energy and EI is the 

ionization energy.  

But from quantum mechanics we know that there is some 

fraction of the particles that can be transmitted through 

the barrier by “tunneling”.  These electrons “tunnel” 

through the barrier instead of over it.  To have an 

appreciable number of electrons transmitted through the 

barrier, we must make the barrier thickness small, which 

can be accomplished by applying a strong electric field to 

the cathode surface.  The electric field, is determined by 

the potential gradient, 

 = − ,
dV

E
dx

 (30) 

where x is the distance away from the cathode surface and V 

is the potential at the cathode and E is the one-

dimensional electric field.  Once integrated, we see that 

if we can make the field very strong that we can increase 

the voltage at the surface and this affects the barrier.  

When the potential gradient is applied, the new barrier 



 64

shows a sloped profile that results from the high voltage 

applied a projected tunneling distance (dotted line), shown 

in Figure 31.  By tunneling through the barrier, the 

electron would escape the surface of the metal into the 

vacuum.  This process is known as “field emission.” 

 

Figure 31.   The barrier that the electron must tunnel 
through has been shortened due to the external electric 
field applied.  This makes it possible for an appreciable 

number of electrons to tunnel through the barrier.   

A higher field, E, reduces the thickness of the barrier and 

increases the probability of tunneling therefore increasing 

the extracted current.  This dependence can be seen in the 

Fowler-Nordheim equation, which is the governing equation 

for field emission [8] and is  
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Introducing the functions A and B we can simplify the 

equation to a form that shows the dominant dependence of 

the electric field in the exponent, 
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This gives a basis for predicts the emitted current 

density in a field emission process.  The limitation 

however is that they are derived for a parallel plate and 

are not exact in real systems.  However, they still provide 

a good description of the effects seen experimentally.  [8] 

The Child-Langmuir law gives the current limit due to 

space charge in a diode, 
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Due to the space charge of the electrons, the 

potential at a given point lowers.  Equation (33) gives the 

maximum steady-state current density that can occur between 
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two plates of a diode by just increasing the electron 

supply from the cathode.  The only changes that can be made 

to increase the current density therefore are to increase 

the voltage difference or decrease the spacing between the 

anode and cathode.[9] 

B. MOTIVATION FOR A NEW EXPERIMENT: THE DIAMOND FIELD-
EMITTER 

For an FEL, the injector must be able to provide a 

bright electron beam with low emittance.  This process must 

be reliable and have a long lifetime if it is to be 

feasible as a shipboard application.  One of the hurdles to 

overcome is to provide high average current.  NPS would 

like to gain experience with designs for possible use in 

the NPS FEL quarter-wave RF gun that will replace the 

Stanford DC injector. 

Professors Charles Brau and Roy Davidson, at 

Vanderbilt University, are currently exploring the Diamond 

Field-Emitter Array (DFEA) shown in Figure 32.  This is an 

electron microscope image of a DFEA from the top and then a 

side view of a single tip.  The tips have small radii that 

provide the field enhancement necessary for field emission.   

 

Figure 32.   Diamond Field-Emitter Array (DFEA) [From 10] 
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When strong voltages are applied to the tips of the 

array, gradients of the order of 10-20 MV/m result, and 

electrons will tunnel out of the tips of the diamond 

pyramids.  Some of the advantages of these diamond field 

arrays are their durability, high thermal conductivity, and 

chemical inertness.    

Unfortunately, the current DC gun at NPS does not have 

the flexibility to perform adequate characterization of 

DFEA cathodes.  Since the cathode stalk is immovable, with 

the voltage fixed we cannot achieve more than 1.4 MV/m, 

which is not high enough to stimulate the emission from the 

DFEAs.   

The test apparatus under use at Vanderbilt is shown in 

Figure 33.  The test stand is experiencing vacuum arcing 

and physical damage from ion blowback off the gridded 

anode.  The voltage source is small (only a few kV) and to 

reach the required field strength, an extremely small 

spacing between the anode and cathode is used (quartz 

capillary is the spacer).  The electrons are bombarding the 

gridded anode causing ion blowback back to the diamond tips 

and substrate.  This is damaging to the cathode and 

limiting the gradient that they can achieve, as well as 

their maximum currents and run times.   
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Figure 33.   Vanderbilt design for testing 
emittance.[From 11] 

C. DESIGN REQUIREMENTS FOR A NEW TEST CELL 

To facilitate further research at NPS into the DFEA 

and other potential candidates, a new cathode test cell has 

been designed, shown in Figure 34.  It will be a static 

field emission design with fields that are adjustable at 

the cathode from approximately 5~20 MV/m.  The cathode will 

need to be capable of easy exchange to facilitate test and 

analysis of the cathode surface after bombardment, as well 

as to support rapid testing of different cathodes.   
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Figure 34.   Basic Configuration of new Test Cell. 

The inspiration for the basic design was a vacuum 

chamber that NPS FEL group already possessed, shown in the 

bottom right of Figure 34.  The top and bottom are metal 

flanges separated by a ceramic break.  The flanges are a 

conflat type.  Conflat is a standard design with many 

distributors that can sell parts that will bolt up 

directly.  This allows easy connections for things such as 

the high voltage and diagnostic equipment.   

We could vary the anode-cathode voltage by changing 

out the high voltage power supply.  However, in our study 

we limited this to the 100 kV power supply already on hand.  

The spacing between the anode and cathode changes by (1) 
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manufacturing it to a fixed width or more preferably, (2) 

make the cathode stalk movable.  The latter would allow 

studies with varying field strength at the tip of the DFEAs 

by simply moving the cathode stalk.  As the spacing 

decreases, we will be able to see the field at the tips of 

the DFEA increase.  The trade off is that the conditions 

for vacuum arcing also increase with the increasing field 

strength. 

Some of the diagnostics will include a phosphor screen 

at the end of the cell and beam current measurement 

devices.  The phosphor screen will allow for preliminary 

beam shape characterization with proper spacing of the tips 

in the DFEA.  By measuring the voltage across a resistor 

attached to the anode, we can measure the current being 

produced by the DFEA.  The current transformer would allow 

for measurements of the stability of the electron beam 

current, as any fluctuation in the beam current would show 

up as a voltage fluctuation on the coil.   

The proposed test cell design will allow for a 

separation between the phosphor screen and the cathode.  By 

placing the anode and the phosphor screen at the same 

potential and putting a chamber between the two, a minimal 

amount of blowback from ions will be experienced compared 

to the Vanderbilt design.  We may be able to achieve higher 

field than Vanderbilt due to decreased ion damage 

anticipated.  However, we will have to live with some 

amount of defocusing that would not occur with the closely 

spaced gridded cathode.  This is because in the gridded 

cathode, the field lines are uniform across the small gap 

(equivalent to a parallel plate capacitor).   
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D. GEOMETRIES CONSIDERED 

The three significant issues motivating geometry 

choices are (1) uniform field activation, (2) preventing 

vacuum arcing, and (3) achieving sufficient fields at the 

cathode to extract an appreciable current.  Multiple 

configurations are evaluated using the software developed 

at Lawrence Livermore National Laboratory, Superfish.  The 

software runs on a desktop and is publically available for 

download from the laboratories website [ref].  It provides 

electrostatic data of the test cell, such as electric field 

values and equipotential lines, and is used in this study 

to compare two basic geometries.   

An example that gives a sample output for the two 

basic geometries studied is in Figure 35.  The top left 

geometry has an anode with the top portion angled away from 

the intended trajectory of the electron beam.  In the 

bottom-left geometry, the top angle is removed and the 

bottom portion of the anode is angled away from the cathode 

stalk.  Note that this picture, which is representative of 

Superfish’s output, is only half of the cross-section of 

the area of interest, using radial symmetry.  In following 

figures, the output has been modified in order to better 

give the reader a physical picture of the cavity 

characteristics.  

An angle on the upper portion of the anode is 

beneficial.  As the electrons travel through the cavity to 

the phosphor screen, they will spread due to space-charge 

effects and defocus.  If the anode angles away from the 

surface of the cathode, the potential for vacuum arcing may 

be reduced.   
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Along with the basic shape changes, the gap between 

the anode and cathode was varied.  The spacings used were 1 

cm, 0.5 cm, and 0.25 cm gap for both geometries.  Two 

apertures, 0.5 cm and 0.25 cm, were looked at for the 

widest anode-cathode gap of 1 cm.   
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Figure 35.   Proposed cathode test cell and two 
geometries studied using Superfish. 
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E. RESULTS 

The field strength along the cathode surface for all 

configurations is presented in Figure 36.  Recall that a 

target range of 6–15 MV/m field is desired for the cathode.  

The varying shapes of the anode made little difference to 

the maximum field at the center of the cathode, or the 

uniformity it was across the surface.  The field strength 

was a function of the anode to cathode gap as predicted by 

equation (30).  The target range for field strength is 

achieved and the results for the 0.5 cm anode aperture and 

the various anode cathode gaps are given in Table 4.   

The uniformity of the field across the cathode was 

also dependent on the anode to cathode gap.  For the 

smallest gaps the field strength varied less than 1% up to 

0.3 cm from the center.  The largest gap of 1 cm was 

similarly uniform out to only 0.13 cm. The change in anode 

shape and aperture did not appreciably affect the 

uniformity.   

The maximum field strength in each case was not 

dependent on anode aperture, but was a function of both the 

anode-to-cathode gap and the anode shape.  A maximum of 49 

MV/m was found for the top angled anode with a spacing of 

0.25 cm. The bottom angled anode with same spacing resulted 

in a lower 40 MV/m.  As the anode to cathode gap was 

increased, the maximum field decreased to 20 and 18 MV/m 

showing that as the gap was increased the anode shape had 

less influence.   
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Figure 36.   Field strength at Cathode versus radius for 
Bottom Angled Anode (BAA) and Top Angled Anode (TAA). 
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When varying the gap in the top angled anode the 

defocusing at the anode increases as the spacing decreases, 

shown in Figure 37.  The electron beam in the smaller gap 

experiences a higher field near the cathode and would be 

accelerated over a shorter distance.  This would allow the 

beam to reach higher velocities before it diverges 

appreciably.  This will aid in the increased defocusing 

that will occur once it reaches the anode for the smaller 

gap configuration.  Unfortunately, when the gap is smaller, 

the focusing immediately after leave the cathode is 

decreased since the field lines appear flatter in Figure 

37.   

When compared to the bottom-angled anode, it is 

evident that the maximum field is higher for the top angled 

anode, as shown in Figure 38.  The figure shows that when 

the anode bottom is angled away from the cathode stalk, the 

equipotential lines are allowed to spread out and decrease 

the magnitude of the field.  Both geometries appear to have 

similar defocusing characteristics for the electron beam as 

it exits the anode aperture.   

When the aperture is decreased, the defocusing at the 

aperture is reduced, as shown in Figure 39.  The rest of 

the cavity is not significantly affected by the change.   



 77

 

 

 

Figure 37.   Equipotential and electric field map for Top 
Angled Anode: various gaps.  The gap is decreased from top 

to bottom, 1 cm, 0.5 cm and 0.25 cm, respectively.   
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Figure 38.   Equipotential and electric field map for 
bottom angled anode: various gaps.  The gap is decreased 

from top to bottom; 1 cm, 0.5 cm and 0.25 cm, respectively.   
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Figure 39.   Equipotential and field map for top angled 
anode (top) and bottom angled anode (bottom) with a smaller 

aperture of 0.25 cm. 
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F. RECOMMENDATIONS 

The geometries presented meet the criteria for 

providing an electric field strong enough for activation of 

the DFEA, and uniform enough to be able to begin to 

characterize the array’s performance.  If fields at the 

upper end of the range are to be utilized careful 

consideration to the cathode manufacturing, or altering the 

design, will be needed to ensure that vacuum arcing is not 

an issue.  The bottom-angled anode would be the easiest to 

modify to ensure this is not an issue.  Decreasing the 

anode aperture returns little payoff when compared to the 

risk of clipping the electron beam and is not recommended.  

A summary of the key results is presented in Table 4.  Only 

the 0.5 cm aperture is included and the maximum electric 

field in the cavity, maximum field on the cathode and 

radius of cathode that experiences less than a 1% change in 

field strength are included.   

The two geometries both have their advantages.  The 

process to prevent breakdown in a high voltage system like 

this is much more difficult then installing more diagnostic 

equipment that can monitor and account for electron 

bombardment onto the anode surface.  For these two reasons 

and based on the result presented the bottom anode design 

is recommended for design completion and fabrication.   
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Table 4.   Summary of 0.5 cm aperture geometries. 
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